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This paper is the supplement to the section 2 of the paper "Floating bun- 
dles and their applications" Below we study some properties of category, 
connected with cobordism rings of FBSP. In particular, we shall show that 
it is the tensor category 

In U the series ®(x,y) G H[[x,y]] = fi^Gr), where H = Q^Gr), 
was defined. Recall that it corresponds to the direct limit k of the maps 
Kk,i' Gr k>k i CP , where Gr kjk i is the canonical FBSP over Gr kjk i 
((k,l) = 1). In Jl| some properties of &(x,y) were studied. In particular, it 
was shown that 

(e<5)(x,y) = F(x,y), 

where e: H — > R = f2^(pt) is the counit of the Hopf algebra H and F(x, y) e 
R[[x, y}} is the formal group of geometric cobordisms. 
Let ipk,i be the map 

K k}i x i&a rk kl : Gr kM -> CP"- 1 x Gr k)kl . 

The commutativity of the following diagram 

Gr kM ^ CP"- 1 x Gr kM 

<Pk,i I I id cp x<Pk,i (1) 
, , , diag rp X idpr , , . , , , 

CP"" 1 x Gr kM Gr CP"" 1 x CP"- 1 x Gr k , k i 

allows us to define on the algebra H[[x, y]] the structure of R[[z\] = 
f2^(CP°°)-module such that z acts as the multiplication by <&(x, y). Let us 
denote this P[[z]]-module by (P"[[x, y}}; <5(x,y)). 



Let us consider R[[z\] = f2^(CP°°) as a Hopf algebra. Recall that 



^R[[z 



(z) = F(z ® 1,1 ®z). 



Proposition 1. if [[a;,?/]] is the module coalgebra over R[[z]], i. e. 
R\\z\]®H[[x,y]\ — * if [[a:,?/]] is the homomorphism of coalgebras. 

R 

Proof. The proof follows from the following commutative diagram 
((km, In) = 1): 



r k,kl ' 



^Pkm,ln 



Let us consider the next commutative diagram ((km, In) 



Gr kM x Gr_ 



Gr km ^ k i mn 
i 



Gr kM x Gr 



Gr 



km,klmn 3 



Gr kkt xGr m .m n 



Gr kjl 



□ 



(2) 



where Gr kM x Gr mmn is the FBSP over Gr kM x Gr m>mn , induced by the 
map 0fc/,mn (the definition of <frki,rrm was given in [|TJ). Clearly that the bundle 
G^jaXGr n (with fiber CP^^xCP 112 ' 1 ) is ( "external ") Segre's product 
of the canonical FBSP over Gr kyk i and Gr m ^ mn . By definition, put 



Gr x Gr = lim Gr k k] x Gr 



(km,ln) — l 



m,,mn ' 



tj}= lim ip kmj i n : GrxGr^Gr. 

(km,ln) — l 

We have the homomorphism of i?[[z]]-modules 

*: (H[[x,y}); <8(x,y)) - (H®H[[x,y}\, (A<5)(x,y)) , 

R 

defined by the fiber map ip (recall that A is the comultiplication in the Hopf 
algebra if = Qy(Gr)). Clearly that the restriction ^ \h coincides with A. 
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Let V x Q 1 be a FBSP over a finite CW-complex X with fiber 

x 

(£pk-i x (Qp'- 1 Recall that if A; and Z are sufficiently large then there 
exist a classifying map f^j and the corresponding fiber map 

I I (3) 



X ^ GV 



fc.fe/ 



which are unique up to homotopy and up to fiber homotopy respectively. 
Let -pkm-i x Qin-i^ (km, In) = 1 be Segre's product of V k ' x x Q l ~ x with the 

X ' X 

trivial FBSP X x CP m_1 x CP n ' 1 . Let us pass to the direct limit 



VxQ = ]im(P* mi - 1 xQ ,ni - 1 ), 

where (fcmj, Zrij) = 1, mj | mi+i, | rij+i, , nj — > oo, as z — > oo. The stable 
equivalence class of FBSP (see JlJ) V k ~ 1 xQ l ~ 1 may be unique restored by 
the direct limit VxQ. We have also a classifying map / = lim f^i and the 

X (k,l)=l 

corresponding fiber map 

VxQ -> GV 

I I (4) 

X Gr . 

Let us define the category 553©^P/ by the following way 

(i) Ob(#Q36<P f ) is the class of direct limits Vx Q of FBSP over finite CW- 

x 

complexes X (in other words, the class of stable equivalence classes of 
FBSP); 

(ii) MorgsBgs^ (P x Q, VxQ') is the set of fiber maps 

VxQ -> P'xQ' 

x y 

I I ( 5 ) 

X -> Y 

such that its restrictions to any fiber (= CP 00 x CP 00 ) are isomor- 
phisms. 
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Applying the functor of unitary cobordisms to an object 

VxQ e Ob($<Bey f ), we get the R[[z}} -module {A[[x,y}]; (f*<5)(x,y)) G 
0b(fi^(5 r< B6 < p / )), where A = ^(X) and /: X -> Gr is a classifying map 
for PxQ. It is clear that ((e^ o f*)<3)(x,y) = F(x,y), where e^: ^4 — > i? is 
the homomorphism, induced by an embedding of a point pt X. In other 
words, for any object in the category Q^(^536^Jf) there exists the canonical 
morphism (f*<5)(x,y)) - (ifcy]]; F(x,y)). 

Hence there exist the initial object (H[[x, y]]; <5(x, y)) and the final object 
(R[[x,y]\; F(x,y)) in the category fi£(3«B6<P). 

Let's consider a pair (A[[x,y}}; (f*<8)(x,y)), (B[[x,y]\; (g*0)(x,y)) G 
0b(^(ff»6<P f )), where = ^(P'xQ')- Let's define 

their "tensor product " as the object ((A®B)[[x, y]]; (((/* ®ff>A)«J)(i, y)) G 
0b(^(£<B6<p f )) (recall that A: # -> is the comultiplication in the 

Hopf algebra f/). 

Proposition 2. TTie category £7^(^23(5^) is £/ie tensor category with the 
just defined tensor product and the unit I = y}]; F(x,y)). 

Proof. The proof is trivial. For example, the associativity axiom follows 
from the identity (((A £g> id H ) o A)&)(x, y) = (((id H (g)A) o A)<5)(x, y) which 
follows from the next commutative diagram ((kmt, Inu) = 1): 

Grkm,klmn X Gr^ ^ —■ Gr kmt,klmntu 

Gr^^ixGr mmn x Gr ttu — > Gr^^i x Gr mt)mntu , 

where Gr fc fc ;xGr m mn x Gr t tu is external Segre's product of the canonical 
FBSP over Gr fcjM , Gr m ^ mn and GV M „ (it is the bundle over Gr kM x Gr m ^ mn x 
Gr t)t11 with fiber CF*" 1 ^ 1 x CP' nu_1 ). □ 

Note that there exist the canonical homomorphisms p±, p2- 

((A®B)[[x,i/]];(((r® ff *)oA)e)(x,»)) 

ft 



(A[[x,»]]; (/*0)(x,»)) (B[[ai,i/]]i (g*®)(x,y)) 

such that pi |a®b= id a <8>£b, £>2 U®s= £a ® ids . 
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